Intermediate Exam T5
Thermodynamics and
Statistical Physics
2018-2019

Friday December 21, 2018
9:00-11:00

Read these instructions carefully before making the exam!

Write your name and student number on every sheet.

Make sure to write readable for other people than yourself. Points
will NOT be given for answers in illegible writing.

Language; your answers have to be in English.

Use a separate sheet for each problem.

Use of a (graphing) calculator is allowed.

This exam consists of 3 problems.

The weight of the problems is Problem 1 (P1=30 pts); Problem 2
(P2=30 pts); Problem 3 (P3=30 pts). Weights of the various
subproblems are indicated at the beginning of each problem.
The grade of the exam is calculated as (P1+P2+P3 +10)/10.

For all problems you have to write down your arguments and the
intermediate steps in your calculation, else the answer will be
considered as incomplete and points will be deducted.

PROBLEM 1
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PROBLEM 1
Score: a+b+c+d+e+f=5+5+5+5+5+5=30

A system with two distinguishable absorption sites is in equilibrium with a large heat
reservoir with temperature T and a particle reservoir with chemical potential u. If 0, 1,
or 2 particles are absorbed to the system, the energy of the system is 0, - and —2¢,
respectively (see figure).
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a) Show that the grand partition function z for this system is given by,

z = (1+x)? withx = eF®+®

b) Give expressions for the probabilities P(0); P(—¢) and P(—2¢) that the system
has an energy of 0, —eand —2¢, respectively. Express your answers in terms of
X.

c) Incase u + € > 0, calculate the probabilities from b) in the limitsT - 0 and T —
o,

d) Calculate the mean number (N) of particles absorbed to the system. Express your
answer in terms of x.

Suppose we add particles of a second type to the particle reservoir. The chemical
potential of this type of particles is also u. However, this second particle type binds
twice as strong (thus with binding energy —2¢) to the absorption sites of the system as
the original (first) particle type.

e) Give an expression of the grand partition function z for this new situation. Express
your answer in terms of x and y = ef®#+28),

f) Calculate the ratio R of the probability that both adsorption sites are occupied by a
particle of the first type and the probability that both sites are occupied by a particle
of the second type. Explain what happens with this ratio in case T — 0.

_ Prrt(2 sites occupied)

" Pyeconda (2 sites occupied)



PROBLEM 2
Score: a+b+c+d+e =7+7+7+3+6=30

A gas of photons is confined to a cavity with volume V. The cavity is kept at a constant
temperature T.

HINT 1: The density of states for a spinless particle confined to an enclosure with
volume V is (expressed as a function of the particle’s momentum p):

V 2
g(p)dp = ﬁ‘lﬂp dp

1

HINT 2: The mean number of photons in a state with energy ¢ = hw is equal to: 5

a) Show that density of states of a photon in the cavity can be written as,

Vw?dw
m2c3

g(w)dw =

b) Show that the mean number of photons in the cavity is given by,

VEk3T?3
m2h3c3

where b = 2.404 is a dimensionless constant.

c) Show that the total energy density u =§ (3 m?) in the cavity is related to the
temperature T by,
mlk*

— i —
u=aTl Wltha—m

d) Use the first law of thermodynamics and the definition of Helmholtz free energy to
derive the expression: dF = —SdT — PdV.

The Helmholtz free energy F of the photon gas is F = —%aVT‘*, with a the constant
defined in ¢)

e) Calculate the entropy S directly from the Helmholtz free energy and show that for
the photon gas:
U=F+TS



PROBLEM 3
Score: a+b+c+d+e =3+7+7+6+7=30

Consider an ultrarelativistic atom with mass M confined to (one dimensional)
movement along the x-axis between x = 0 and x = L. The atom is in equilibrium with
a heat bath at temperature T

a)

b)

d)

Show that for an ultrarelativistic atom the energy E and momentum p are related by
E = pc with c, the velocity of light.

Show that for this atom the number of states in which the atom has a momentum
with a magnitude between p between p and p + dp is given by:

2L
g(p)dp = po

Show that the single atom partition function is given by,

7 _L(kT)
Y7 2 \kc

Suppose we have a classical ideal gas in 1 dimension of N of these ultrarelativistic
atoms. Calculate the internal energy U of this 1-dimensional gas.

Derive the equation of state of this 1-dimensional gas. (Use the expression of the
Helmholtz free energy and the first law of thermodynamics in one dimension (dU =
TdS — pdL). With p the 1D pressure (tension) of the gas.



Solutions

PROBLEM 1
a)
z= Z Z PUN=Er (V) = gB(1x0-0) | oBux1+e) 4 oB(UX1+E) | oB(Hx2+26)
N=0 r
=1+ 2ePH+®) 4 e2P0+8) = 1 4 2x + x2 = (1 + x)?
b)
eBuxo-0) 1 1
P 0 = = =
© z z (1+x)?
P(—e) eBluxite) 4 oB(ux1+e) 2y
—&) = =
z (14 x)?
eﬁ(yx2+2£) xz
P(—2¢) = =
(=28) (1 +x)2
c)

In the limit T — 0 we have x = ef#+8  co; because u+e>0.
Thus,

P(0)=————-0
(0) (1+x)2_)
P(=£) 2x 2x 2 0
—&) = 2: 2= -
(1+x)? 1+2x+x %+2+x
2 x? 1
P(=2¢) = 5 = > = -1
(1+x)? 1+2x+x xiz+%+1

At low temperature both adsorption sites are occupied (situation with the lowest
energy).

In the limit T — oo we have x = ef+8) - 1,
Thus,



1

PO =Gvar s
p 2 2
=21
P(-28) = = -
2 =T "3

At high energies all the four situations as pictured in the figure are equally probable.

d)
There are two ways to do this,

] ] 1(0InZ
Using either (N) = X.qy1 states Pi Ni OF (N) = E( 81; )

In the first approach we use the probabilities for 0, 1 or 2 particle absorbed:

1
PN=0 =0
PIN=1) = —>_
= )_(1+x)2

xZ
PIN=2 =G5

2x 2x?

(N) = P(N=0)x 0+ P(N=1)x1+P(N=2)X2 =g+ 757 ”

_2x(1+x) 2x
T (1+x)?2 1+x

(N)

Using the other expression gives,

_10lnzy  1/0ln[(1+x0)H]\ 1 2 0xy 1 2 deBu+e)
<N>—E<au >B‘E< ou )B‘Eux(@)ﬂ‘ﬁu,c( EP )ﬁ

l 2 5eﬁ(u+8)= 2x
B1l+x 1+x

€)

The grand partition function in this situation becomes:



N=0 r
+ eBux1+28) 4 ,B(ux1+2e) 4 oB(ux2+4e) 4 oB(ux2+38) 4 ,B(ux2+3¢)
= 1 4+ 2ePW+e) 4 o2B(u+e) 4 9oBu+2e) 4 o2B(u+28) 4 9,B(2u+3e)
=1+2x+x2+2y+y?+2xy=(1+x+y)?
f)
We have
ezﬁ(lH'S)
Prirst (2 sites occupied) =
And
ezﬁ(u+2£)
Psecond (2 sites occupied) = .
2p(u+e)
e Blute _ e_zﬁg

R = pavao

In case T — 0 then § — oo and thus R — 0; all sites are occupied by the stronger
binding particle.



PROBLEM 2

a)

For photons the momentum p is related to energy € = Aw = pc. Using this in HINT 1
in combination with the fact that the photon has two polarization states (extra factor of
two in the density of states) leads to,

p _2V4 hwzd hwy V a3 2 _Va)zda)
g(w)dw = h3 R(T) (T)_n2h3<z) waw = m2c3

b)
Using the density of states in a) and the mean number of photons in each state n(w)
(from HINT 2) we find,

N = ‘ o = f 1 Veldo
= [ n@g@io = [ =20
0 0
With the substitution x = Shw this leads to,
v 1 f xidx o VIST?
- mw2c3(Bh)3) ex—1 7 " m2h3c3

0

with the value of the integral from the table of integrals.

c)
The total energy U in the cavity is,

oo

ho Voido
feﬁhw—l m2c3

U= f ho n(w)g(w)dw =
0 0

Again using the substitution x = Bhw this leads to,

(o] (o]

RV 1 jx3dx Vk4T4J x3dx  Vk*T* w? Vrlk*

U= = = X—=
m2c3 (Br)3) eX—1 m?h2c3) e*—1 m2h%c3 " 15  15h3c3
0 0

4

U m2k*

=—=——"—T4%=qT*
vV~ 15A3¢3 @

The value of the integral was taken from the table of integrals.

d)

From F = U — TS we have



dF =dU —TdS — SdT = TdS — PdV — TdS — SdT = —PdV — SdT

€)

From d) and the given expression for F we find,

OF o(~gavr)
S=—(—) =3 ) =Zayr3
T, T 3

14

And,

1 4
F = —gaVT“ =alT* —TgaVT3 =U-TS

Check.



PROBLEM 3

a)
For an ultrarelativistic atom the rest mass energy is much smaller than the energy term
related to the momentum of the particle thus,

E? =p%c? + m?c* = (pc)* > E =pc

b)
From the solution of the 1D-wave equation: ¢ = A sin k,.x and taking this function to
vanish at x = 0 and at x = L results in,

Ny T

ky ==~ with n, a non-zero positive integers.

The total number of states ®(k) with |E| < k is then given by the length k (only
positive integers) divided by the unit distance between two states in k-space.

koL
O(k) = 75 =~k

)

The number of states between k + dk and k is:

oD L
g(kydk = ®(k + dk) — d(k) = —-dk = —dk

Converting to momentum p = hk = %k we find,

2L
9(p)dp = —-dp
c)
Single atom partition function:
Z, = ] g()ePredp =J 2L opre dp = EJ e Predp = (E) (i>f e ?dz
! h h h ) \Bc
0 0 0 0

- (D)= (7)) - () 6

The partition function of the classical ideal gas of N atoms is:

d)



N
=g =5(6)G)) =wilaie)

The internal energy of the gas is:

= NKkT

0lnZ 0 L
— = ln(

N )—ln(N')] —Ni[ln(ﬁ)] -0
op _ opl" "\Bmhc 1B B

B

e)
FromF =U —TS = dF = dU — TdS — SdT and the first law for the 1-dimensional

gas dU = TdS — pdL) we find:

dF = —SdT — pdL

And thus,
_ <6F)
p L),
Using,
B InZ
B
We find:
_161nZ_1 d (Nl ( L ) 1 (N'))— N _NkT
P=%7ar ~goaL\" "\Brnc) T )T BLT L



